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A NONSTANDARD OPERATOR FOR ALMOST
GRASSMANNIAN GEOMETRIES WITH A TORSION
ALESˇ NA´VRAT
Abstract. A nonstandard invariant fourth order operator acting on functions
on a manifold equipped with an almost Grassmannian structure with an ar-
bitrary trorsion is found by means of the curved translation principle. This
operator can be viewed as a Grassmannian analogue of the Paneitz operator
well known from conformal geometry. It is obtained by translating a Grass-
mannian analogue of the Laplace operator to a certain tractor bundle with a
specific tractor connection, which is not normal in general.
1. Introduction
An almost Grassmannian structure on a smooth manifold M is given by a fixed
identification of the tangent bundle TM with the tensor product of two auxiliary
vector bundles, together with the identification of their top degree exterior powers.
It turns out that this is a specific example of a so called |1|-graded parabolic geom-
etry, i.e. a Cartan geometry of type (G,P ), where P ⊂ G is a parabolic subgroup
of a semi-simple Lie group G with its Lie algebra g endowed with a |1|-grading, and
so the set of tools of parabolic geometries summarized in [4] applies. Such struc-
tures are also known under the name almost Hermitian symmetric structures. The
prototypical example from this class is the conformal structure - probably at most
studied structure since it is the natural setting for the physics of massless particles
and other theories in Physics. It was also an original inspiration and motivation
for this paper.
In this text, we will deal with almost Grassmannian structures for which one of
the defining vector bundles has rank two and the other has rank n ≥ 2. Such a
structure is called to be of type (2, n). It is well-known that on a four-dimensional
manifold M , i.e. in the case n = 2, it is even equivalent to the conformal structure
on M . This equivalence can be seen from the description of the two structures
as classical first-order G-structures. Namely, the identification of TM with the
tensor product of two bundles of rank two together with the identification of the
top-degree forms yields the reduction of the frame bundle to the structure group
G0 = S(GL(2,R)×GL(2,R)) ⊂ GL(4,R), and this group is known to be isomorphic
to the conformal spin group CSpin(2, 2).
Almost Grassmannian structures of type (2, n) for n > 2 are not equivalent to
conformal structures. One of the main differences is that this structure generally
does not allow the existence of a torsion-free connection. Nevertheless, one can
still generalize some concepts from conformal geometry. One of them is that of a
conformally invariant differential operator, like the conformal Laplacian (sometimes
called the Yamabe operator), the Maxwell operator, or the Paneitz operator. Such
operators act on sections of natural vector bundles, and may be defined by univer-
sal natural formulas which depend only on the conformal structure and not on any
choice of metric tensor from the conformal class. Similarly, invariant differential
operators for almost Grassmannian structures are defined by universal natural for-
mulas which depend only on the structure and not on any particular choice. It turns
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out that most of conformally invariant operators have their invariant analogues for
our structures.
The aim of this text is to construct an analogue of the Paneitz operator. It is
an conformally invariant second power of the Laplace operator, i.e. a differential
operator
∆2 : E → E [−4],
which acts on functions and has values in densities of conformal wieght -4. It is
well known that Paneitz operator on a locally flat manifold (the case of a manifold
M which is locally isomorphic to a homogeneous space G/P ) corresponds to a
nonstandard homomorphism of Verma modules. Moreover, for n = 2 this is the
so–called critical power of Laplace operator and it is of much more subtle nature.
Namely, it is not strongly invariant, i.e. it cannot be constructed algebraically
from so–called semi–holonomic Verma modules and its invariance can be seen as a
consequence of Bianchi identities. For more details see [7] and [8].
Considering an almost Grassmannian geometry given by an identification TM =
E∗ ⊗ F where E is a rank two vector bundle and F is a rank n ≥ 2 vector bundle,
an analogue of the Paneitz operator is a fourth order invariant operator
 : E → F ∗[−2],
where F ∗[−2] := F ∗ ⊗ E [−2] is an irreducible subbundle of the bundle of
differential four-forms which is induced by the representation Rn∗ of SL(n,R),
and the one–dimensional representation R[−2] := (Λ2R2)2 of SL(2,R). Indeed, for
n = 2 the target bundle is isomorphic to (Λ2F ∗)2[−2] = E [−4] and we have = ∆2.
Similarly to Paneitz operator, its Grassmannian analogue  also corresponds to a
nonstandard homomorphism of Verma modules, see e.g. [6]. Moreover, it turns out
that it is even not strongly invariant, [3]. This indicates that the construction of a
curved analogue will be a difficult task if it exists.
The existence of a curved analogue has been proven in the torsion free case in
[2]. In this paper in Theorem 3.1 we generalize this result to the case of almost
Grassmannian geometries with an arbitrary torsion. The construction is based
on the curved translation principle, see [9]. We preceed along the lines of the
construction of Paneitz operator given in [10].
The structure of the paper is as follows. First we recall basic facts about Grass-
mannian geometry in the realm of parabolic geometries and we explore the structure
of some tractor bundles that we need in sequel. In the third section, we give the
main result in Theorem 3.1 about the existence of an invariant operator and we
describe its construction.
2. Grassmannian tractor calculus
In this section, we give a background on almost Grassmannian geometries that
we need in sequel for the construction of a curved analogue of the nonstandard
operator.
2.1. Notation. The Penrose’s abstract index notation is used throughout the ar-
ticle. It allows explicit calculations without involving a choice of basis. The two
fundamental bundles for Grassmannian structures are denoted by EA and EA
′
, for
their duals we write EA and EA′ . As usual, E
a and Ea denote the tangent bundle
and the cotangent bundle respectively, and the tensor product of bundles is denoted
by a concatanation of indices. In analogy with conformal geometry, the line bundle∧2 EA′ is denoted by E [−1], and it is called the bundle of densities of weight −1. By
dualizing and tensorizing, one defines the bundle of densities E [w] for an arbitrary
w ∈ Z.
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We also adopt the index notation for forms of [5] in order to obtain formulas in
a closed form. Namely, the brackets in the usual notation E[AB] for second skew
symmetric power of EA will be supressed by using two consecutive indices, i.e. it
will be denoted by EA1A2 which will be farther abbreviated to EA. by using the
multi-index A = A1A2 = [A1A2]. Note that by use of consecutive indices we
always mean the alternation over these indices.
2.2. Almost Grassmannian geometry of type (2, n). In the abstract index
notation, the identifications definining an almost Grassmannian structure of type
(2, n) read as
Ea ∼= EAA′ and
∧2
EA
′ ∼=
∧n
EA,
where we consider EA has an arbitrary fibre dimension n while
(1) dim EA
′
= 2.
Equivalently, the structure can be defined as a classical first order G-structure with
reduction of the structure group GL(2n,R) to its subgroup S(GL(2,R)×GL(n,R)).
It is well known that this structure corresponds to a |1|-graded normal parabolic
geometry of type (G,P ), where G = SL(2 + n,R) and P is the stabilizer of R2
in R2+n. The flat model G/P of the geometry are Grassmannians Gr2(R
2+n).
In the diagram notation, the |1|-grading of Lie algebra g = sl(2 + n,R) defining
the geometry is given by the An+1-diagram with the second node crossed. Hence
g = g−1 ⊕ g0 ⊕ g1, where
g0 ∼= s(gl(2,R)⊕ gl(n,R)), g1 ∼= (g−1)
∗ ∼= R2 ⊗ Rn∗
and p = g0 ⊕ g1 is the subalgebra corresponding to parabolic subgroup P .
There exist two basic invariants for the almost Grassmannian structure. In the
language of parabolic geometries, these invariants are the two components of the
harmonic curvature. In terms of representation theory, the first one lies in the
intersection of kernels of the two possible contractions of S2R2⊗R2∗⊗Λ2Rn∗⊗Rn
while the second lies in the kernel of a unique contraction on the space Λ2R2 ⊗
S3Rn∗⊗Rn. The former has homogeneity one and thus it corresponds to a torsion
of a linear connection on the tangent bundle. The latter has homogeneity two and
thus it corresponds to a component of its curvature. For details see [4, section 4.1].
2.3. Weyl connections. For each parabolic geometry there exist a class of dis-
tinguished connections that are invariant with respect to the structure, so called
Weyl connections. They may be viewed as analogs of Levi-Civita connections in
conformal geometry. We will use these connections to define differential operators.
Precisely, we will use so called exact Weyl connections in order to get as simple
formulas as possible, [4]. These connections form an affine space modeled on exact
one forms and they are characterized by the fact that they have the minimal torsion
in the sense that the torsion is equal to the torsion invariant of the structure, i.e.
the torsion of a Weyl connection satisfies
(2) Tab
c = TA
′B′C
A B C′
∈ Γ(E
(A′B′)C
[A B] C′
), TA
′R′C
A B R′
= TA
′B′R
A R C′
= 0.
Our convention for the curvatureRab
c
d and the torsion Tab
c of a covariant derivative
∇a on the tangent bundle is given by the equation
2∇[a∇b]u
c = Rab
c
du
d + Tab
d∇du
c.
Obviously, a Weyl connection is given by a product of connections on spinor bundles
EA and EA′ . We fix the notation for their curvatures by equations
2∇[a∇b]u
C′ = R C
′
abD′u
D′ + Tab
d∇du
C′ ,
2∇[a∇b]u
C = R CabDu
D + Tab
d∇du
C .
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Hence Rab
c
d = R
C
abDδ
D′
C′ − R
D′
abC′ δ
C
D. Next, we define a Grassmannian analogue of
the conformal Weyl tensor as the following trace modification of the Riemannian
curvature tensor
(3)
U CabD = R
C
abD + P
A′B′
AD δ
C
B − P
B′A′
BD δ
C
A ,
U C
′
abD′ = R
C′
abD′ − P
A′C′
AB δ
B′
D′ + P
B′C′
BA δ
A′
D′ ,
where Pab is the Rho tensor for the Weyl connection ∇a [4]. In the theory of
parabolic geometries, P corresponds to the g1 part of the Cartan connection and
the curvature tensor U is the g0 part of the curvature κ of the Cartan connection.
The normality of κ results in a co-closedness condition for the analogue of the Weyl
tensor [2]
(4) UA
′B′R
R B A
− UR
′B′A′
A B R′
= 0.
According to the description mentioned above, the second invariant for the struc-
ture, the harmonic part of the curvature, is the component that fulfills
(5) ρ DABC ∈ Γ(E
D
(ABC)[−1]), ρ
R
ABR = 0.
2.4. Standard tractor and cotractor bundle. By definition, the standard trac-
tor bundle Eα is induced by the standard representation of g on Rn+2. The inclusion
of the p–invariant subspace R2 →֒ R2+n gives rise to the composition series
EA
′

 X
// Eα
Y
// // EA
which we write as Eα = EA +
✞
✝ EA
′
. Similarly, the composition series for the standard
cotractor bundle reads as Eα = EA′ +
✞
✝ EA. Let us remark that a choice of the
Weyl structure, or equivalently a choice of a nowhere vanishing section of E [−1],
splits the composition series of these bundles into a direct sum. Consequently, the
composition series for all tractor bundles split and we can display their sections as
‘vectors’. In sequel, we focus on cotractors, i.e. sections of the cotractor bundles. A
standard cotractor written in a vector form reads vα = (vA′ vA). Alternatively, the
sections will be written in terms of injectors Y αA ∈ E
α
A, X
α
A′ ∈ E
α
A′ and Y
A′
α ∈ E
A′
α ,
XAα ∈ E
A
α respectively. We assume the injectors are normalized in such a way that
XBα Y
α
A = δ
B
A , X
α
A′Y
B′
α = δ
B′
A′ . Then a standrad cotractor is given by
vα = Y
A′
α vA′ +X
A
α vA.
The restriction of the inducing representation to g1 and g−1 gives rise to actions of
a ϕ ∈ T ∗M and ξ ∈ TM on sections of Eα. It is easy to see that the actions are
given by
Υ •

vA′
vA

 =

 0
−ΥR
′
A vR′

 and ξ •

vA′
vA

 =

−ξRA′vR
0

 .
By [4], a general formula for the normal connection ∇T on a section t = (ti) of T
reads as (∇Tξ t)i = ∇ξti + P(ξ) • ti−1 + ξ • ti+1. Substituting the above equations
we compute the normal connection on the standard cotractor bundle Eα:
∇A
′
A

vC′
vC

 =

 ∇A′A vC′ − vAδA′C′
∇A
′
A vC + P
A′R′
AC vR′

 .
Note that ∇ on the left hand side denotes the tractor connection while the same
symbol on the right stands for the Weyl connection. For the curvature of the
A NONSTANDARD GRASSMANNIAN OPERATOR IN THE PRESENCE OF A TORSION 5
tractor connection we use the notation Ωab♯vγ = (2∇[a∇b] − Tab
e∇e)vγ . Then one
computes
(6) Ωab♯

vC′
vC

 =

 TabRC′vR − UabR′C′vR′
−Uab
R
CvR +Qab
R′
C vR′

 ,
where Qabc := (d
∇
P)abc = 2∇[aPb]c − Tab
i
Pic. This tensor is usually called the
(generalized) Cotton–York tensor to ∇, see [4].
2.5. Tractor bundle E[αβ]. The composition series for the second skewsymmetric
power of the standard tractor bundle can be deduced from the composition series
of Eα. Using the isomorphism EA′ ∼= E
A′ [1] it can be written as
(7) E[αβ] = E [1] +
✞
✝ EA
′
A [1] +
✞
✝ E[AB].
In terms of injectors, a section of E[αβ] reads as
vαβ = Y
A′
[α Y
B′
β] σǫA′B′ +X
A
[αY
B′
β] µ
A′
A ǫA′B′ +X
A
[αX
B
β]ρAB.
An advantage of this notation is an easy computation of the actions of Υ ∈ T ∗M
and ξ ∈ TM . In the vector notation, they read as
Υ •


σ
µA
′
A
ρAB

 =


0
−2ΥA
′
A σ
−ΥR′[Aµ
R′
B]

 and ξ •


σ
µA
′
A
ρAB

 =


− 12ξ
R
R′µ
R′
R
−2ξRA
′
ρAR
0

 .
Substituting these equations into the general formula for the normal tractor con-
nection, we get a formula for the connection on E[αβ]:
(8) ∇A
′
A


σ
µC
′
C
ρCD

 =


∇A
′
A σ −
1
2µ
A′
A
∇A
′
A µ
C′
C + 2P
A′C′
AC σ + 2ǫ
A′C′ρAC
∇A
′
A ρCD − P
A′R′
A[C µD]R′

 .
Remark 2.1. Let us remark that the invariance of tractor connections and their
curvatures and all geometric objects we construct from them can be also checked
directly by computing their linearized transformation, denoted by δ. By general
formulas in propositions 5.1.5, 5.1.6 and 5.1.8 in [4], we get
δ∇A
′
A v
C′ = −ΥC
′
A v
A′ , δ∇A
′
A vC′ = Υ
R′
A vR′δ
A′
C′ ,
δ∇A
′
A vC = −Υ
A′
C vA, δ∇
A′
A v
C = ΥA
′
R v
RδCA .
For f ∈ E [w] we have δ(∇A
′
A f) = wΥ
A′
A f and the transformation of derivatives
of higher tensor products is obtained by the Leibnitz rule. The curvature terms
defined in 2.3 and 2.5 transform as follows.
δUab
C′
D′ = Υ
C′
R Tab
R
D′ ,
δUab
C
D = −Υ
R′
D Tab
C
R′ ,
δQabc = −Υ
R′
C Uab
C′
R′ +Υ
C′
R Uab
R
C .
Applying these basic formulas one can check that all invariant objects constructed
in this paper indeed satisfy δ = 0.
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3. The nonstandard operator
In terms of our notation, a Grassmannian analogue of the Paneitz operator is an
invariant operator
AB : E → EAB[−2]
such that its leading part is given by the projection of a nonzero multiple of ∆A∆B
to the target bundle. We construct such an operator by translating a Grassmannian
analogue of the conformally invariant version of the Laplace operator (also called
Yamabe operator). It is an operator AB : E [−1]→ E[AB][−2] which in terms of a
Weyl connection reads
(9) AB = ∇R′[A∇
R′
B] − P
R′
R′[AB].
It is easy to see that this formula is invariant in a strong sense and thus defines an
invariant operator on each tractor bundle T [−1] of weight −1 by coupling ∇ to a
tractor connection on T . Assume T = E[γδ]. Then by (7) the composition series
for the initial bundle of AB is E[γδ][−1] = E +
✞
✝ EC
′
C
+
✞
✝ E[CD][−1] while the target
bundle decomposes as follows. Note that we use the notation for skew symmetric
products introduced in 2.1.
EA ⊗ E[γδ][−2] = EA[−1] +
✞
✝
EA
′
⊗ EAB[−1]
⊕
EA
′
⊗ E[AB][−1]
+
✞
✝
EAB[−2]
⊕
EAB[−2]
⊕
E[AB][−2]
We will show that for a suitable connection on E[γδ] we obtain the Grassmannian
nonstandard operator as a composition
E
Sγδ
// E[γδ][−1]
˜A
// EA[γδ][−2] // // EAB[−2],
where Sγδ is a differential splitting operator and ˜A is the second order operator
defined by (9) but for a certain tractor connection ∇˜A
′
A . It turns out that this
connection is not normal in general. Namely, in terms of injectors XAα , Y
A′
α defined
in section 2.4 and in temrs of curvature tensors U and Q defined in sections 2.3 and
2.5, it is given by
(10)
∇˜A
′
A
(
YC′[αY
C′
β]
)
= XC[αYβ]D′
(
−2PA
′D′
AC + 4P
(A′D′)
[AC] + 2U
R′A′D′
CAR′
)
+XC[αX
D
β]
(
2QA
′R′
A[CD]R′ − 4∇R′[CU
S′(A′R′)
D]AS′ + 4∇R′[CU
S′[A′R′]
D]AS′
)
,
∇˜A
′
A
(
XC[αY
D′
β]
)
= YC′[αY
C′
β]
(
1
2
ǫA
′D′δCA
)
+XR[αY
R′
β]
(
TA
′D′C
ARR′
)
+XR[αX
S
β]
(
−PA
′D′
A[R δ
C
S] − U
A′D′C
A[RS]
)
,
∇˜A
′
A
(
XC[αX
D
β]
)
= XD[αY
A′
β]
(
2δCA
)
.
We formulate the precise result in the following theorem, where we use again the
notation from section 2.1 for skew symmetric products.
Theorem 3.1. Let M be an almost Grassmannian structure of type (2, n) with an
arbitrary torsion. There exists a fourth order invariant operator,
AB : E → EAB[−2]
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which is nontrivial on flat structures, i.e. there exists a curved analogue of the
nonstandard operator on functions.
The operator is obtained by a translation of operator (9) to the tractor bundle
E[αβ][−1] with connection (10). In terms of a Weyl connection, it is given by
(11)
˜ASB =
1
2
∆A∆B +∇R′A1P
R′
A2S′B1∇
S′
B2 + P
R′S′
A1B1∇A2R′∇B2S′
− P R
′
R′A1B1∆A2B2 +
1
2
P
R′
R′A ∆B
+ UR
′S′R
A1B ∇A2R′∇RS′ + U
S′R
S′A1B ∆A2R
− 2∇S′B1U
P ′(R′S′)
B2A1P ′
∇A2R′ + 2∇S′B1U
P ′[R′S′]
B2A1P ′
∇A2R′
−∇R′A1U
R′S′R
A2B ∇RS′ + P
R′
B′A1B1T
B′ R
A2B2R′S′∇
S′
R
+ U R
′R
B′A1B T
B′ S
A2RR′S′∇
S′
S +Q
R′S′
A1BS′∇A2R′ ,
followed by a projection to the target bundle.
3.1. Proof of theorem 3.1 in the torsion free case. The formula for ∇˜A
′
A
simplifies considerably in the case that the torsion vanish. It follows from the
general theory, see Theorem 4.1.1 in [4], that the curvature U dabc defined by (3) has
only one nonzero irreducible component in such a case, namely the harmonic part
ρ DABC defined by (5). Moreover, the tensor Qabc can be expressed purely in terms
of this curvature and P[ab] vanish. All these facts can be also checked directly using
the consequences of the Bianchi identity summarized in appendix, Lemma 4.1. But
the harmonic curvature ρ DABC is symmetric in three lower unprimed indices by
definition and thus it cannot appear in the formula for ∇˜A
′
A . Hence in the torsion
free case the formula (10) simplifies to
∇˜A
′
A
(
YC′[αY
C′
β]
)
= XC[αYβ]D′
(
−2PA
′D′
AC
)
∇˜A
′
A
(
XC[αY
D′
β]
)
= YC′[αY
C′
β]
(
1
2
ǫA
′D′δCA
)
+XR[αX
S
β]
(
−PA
′D′
A[R δ
C
S]
)
,
∇˜A
′
A
(
XC[αX
D
β]
)
= XD[αY
A′
β]
(
2δCA
)
,
which coincides with formula (8) for the normal tractor connection. Thus the
following proposition proves the theorem in the torsion free case.
Proposition 3.2. In the torsion free case, the translation of operator (9) to the
tractor bundle E[αβ][−1] with respect to the normal tractor connection on that bundle
yields a curved analogue of the nonstandard operator on functions.
Proof. We consider a differential splitting Sαβ : E → E[αβ][−1] defined by
(12) Sαβf =


0
∇A
′
A f
1
2∆ABf

 ,
where we denote ∆AB := ∇R′[A∇
R′
B]. It is an analogue of the conformal tractor–D
operator, and it is easy to check its invariance by a direct computation. Applying
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formula (8) for the normal tractor connection twice we get
∇˜A
′
A ∇˜
B′
B Sγδ =


− 12∇
A′
A ∇
B′
B −
1
2∇
B′
B ∇
A′
A −
1
2ǫ
B′A′∆BA
∇A
′
A ∇
B′
B ∇
C′
C + ǫ
B′C′∇A
′
A ∆BC − P
A′C′
AC ∇
B′
B
+ǫA
′C′∇B
′
B ∆AC − 2ǫ
A′C′
P
B′R′
B[A ∇C]R′
1
2∇
A′
A ∇
B′
B ∆CD −∇
A′
A P
B′R′
B[C ∇D]R′
−PA
′R′
A[C ∇
B′
|B|∇D]R′ − P
A′B′
A[C ∆D]B


.
Now substituting the corresponding term in defining equation (9) of AB, we get
zero in top slot of ˜ABSγδf , while in the middle slot we have
(13)
˜ABS
C′
C = ∆AB∇
C′
C + 2∇
C′
[A∆B]C
− PC
′R′
[AB]∇CR′ + P
C′R′
[A|C|∇B]R′ + P
R′C′
[A|C|∇B]R′ + P
R′
[AB]R′∇
C′
C .
We will show that its action on function also gives zero if the torsion vanishes.
First observe that its third order symbol vanishes due to (1). Thus the principal
symbol is of the first order and contains a curvature. And since it is invariant by
construction, the terms containing Rho tensors cancel out and the principal symbol
must be given purely in terms of the harmonic curvature ρ DABC . But this curvature
component cannot appear because of its symmetries (5). Hence we must have
˜ABS
C′
C f = 0.
and so the formula in the bottom slot of tractor ˜ABSγδ is invariant. Making this
formula explicit and using then notation introduced in 2.1 we get
˜ASB =
1
2∆A∆B +∇R′A1P
R′
A2S′B1∇
S′
B2 + P
R′S′
A1B1∇A2R′∇B2S′
−P R
′
R′A1B1∆A2B2 +
1
2P
R′
R′A ∆B.
The composition with the unique projection EAB[−2]→ EAB[−2] defines visibly
an invariant operator which on locally flat structures coincides with the nonstandard
operator up to a scalar multiple. 
3.2. Proof of theorem 3.1 in the case of a nonvanishing torsion. In the
presence of the torsion, ˜ABS
C′
C is determined by a nonzero second order operator
with the torsion in its leading part. Indeed, using the fact that the symmetry (2)
of the torsion implies
∇R′B∇
R′
C f = ∇R′[B∇
R′
C]f,
the third order terms in (13) sum up to
−2∇
(R′
[A ∇
C′)
B] ∇CR′f = R
R′C′R
[AB]C∇RR′f +R
R′C′S′
[AB]R′∇CS′f − T
R′C′S
A B S′
∇S
′
S ∇CR′f,
and substituting the Riemannian curvatures by the analogue of the Weyl tensor
according to equations (3), we get
(14) ˜ABS
C′
C = U
R′C′R
[AB]C ∇RR′ +U
S′C′R′
[AB]S′ ∇CR′ +2P
(R′C′)
[AB] ∇CR′ −T
R′C′S
A B S′
∇S
′
S ∇CR′ .
The curvature terms can be rewritten purely in terms of torsion by applying for-
mulas in 4.1 in appendix. In particular, it is visible that the operator defined by
the formula in the bottom slot is invariant if and only if the torsion vanishes.
A way how to correct the construction in the presence of torsion is to correct
the connection which defines the action of ˜AB on tractors. Such a correction is a
one form with values in the endomorphisms of our tractor bundle E[αβ]. Exploring
this space, we immediately find a candidate of a correction - the curvature of the
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standard tractor connection embedded invariantly into our space, i.e. an object
defined by
Ω βδaαγ := 2X
B
[α|X
[β|
B′ Ω
B′ |δ]
aB|γ] .
In the vector notation, it acts on sections of E[αβ] by (6) as follows
(15) ΩA
′
A ♯


σ
µC
′
C
ρCD

 =


0
TA
′C′R
A C R′
µR
′
R + 2U
A′R′ C′
AC R′
σ
UA
′R′R
A[CD]µRR′ − 2Q
A′R′
A[CD]R′σ

 .
Subtracting this one form from the normal tractor connection (8), we get a new
connection which behaves like the connction in the torsion free case. Indeed, such
a correction cancels second order terms in ˜ABS
C′
C . But this is not sufficient. It
turns out that terms which are of order one in the initial function and quadratic
in the torsion remain. The crucial observation now is that the term in the middle
slot can be written as a sum of two invariant terms and thus the whole tractor can
be written as a sum of two tractors. Namely, by (1) and (17) we have
UA
′R′ C′
A CR′
= −UA
′C′R′
A C R′
+ UA
′R′C′
A C R′
= 2P
(A′C′)
[AC] − U
R′A′C′
C A R′
,
and by equations (19) and (20) the second summand is given by a quadrat of
the torsion and thus is invariant. Computing the corresponding splitting, we get
another (finer) correction
(16) CA
′
A ♯


σ
µC
′
C
ρCD

 =


0
UR
′A′C′
C A R′
σ
∇R′[CU
S′(A′R′)
D]A S′
σ −∇R′[CU
S′[A′R′]
D]A S′
σ

 .
It is easy to see that the connection ∇˜A
′
A from equation (10) can then be equivalently
written in terms of the normal tractor connection ∇A
′
A and in terms of corrections
(15) and (16) as
∇˜A
′
A = ∇
A′
A − Ω
A′
A ♯− 4C
A′
A ♯.
We will show in the lemma below that with this connection, all terms in ˜ABS
C′
C
cancel upon the projection to the target bundle EA
′
EBCD[−1].
Lemma 3.3. If the connection defining ˜AB is coupled to the modified tractor
connection ∇˜A
′
A , then the construction described in the previous section gives
˜ABS
C′
C f ∈ E
C′
[ABC][−1].
Proof. We prove an equivalent statement ˜A(BS
C′
C)f = 0. Symbolically
˜ = ˜norm − Ω♯∇−∇Ω♯+Ω♯Ω♯− 4(C♯∇+∇C♯− 4C♯C♯− Ω♯C − C♯Ω),
where ˜norm is the operator from the previous section, obtained from the normal
tractor connection (8). Evidently, the actions of ∇C♯,C♯C♯,Ω♯C and C♯Ω on the
splitting (12) vanish while for the other terms using (15) and (16) we compute
ΩR′A♯∇
R′
B S
C′
C = −T
R′C′S
A C S′
∇BR′∇
S′
S + 2P
(R′C′)
[AC] ∇BR′ − U
S′R′C′
C A S′
∇BR′
∇R′AΩ
R′
B ♯S
C′
C = ∇R′AT
R′C′S
B C S′
∇S
′
S − 2U
C′R′R
B[AC]∇RR′
ΩR′A♯Ω
R′
B ♯S
C′
C = T
R′C′U
A C U ′
TU
′ S
UR′BS′∇
S′
S
CR′A♯∇
R′
B S
C′
C =
1
2U
S′R′C′
C A S′
∇BR′
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Summarizing the results above, we get
˜ABS
C′
C = ˜
norm
AB S
C′
C + 2T
R′C′S
[A|CS′∇|B]R′∇
S′
S − (∇R′[AT
R′C′S
B]CS′ )∇
S′
S
+TR
′C′U
[A|C U ′T
U ′ S
UR′|B]S′∇
S′
S − P
(R′C′)
[AC] ∇BR′ + P
(R′C′)
[BC] ∇AR′
+UC
′R′R
B[AC]∇RR′ − U
C′R′R
A[BC]∇RR′ − U
S′R′C′
C[A|S′ ∇|B]R′
Now we apply the formula (13) for normAB S
C′
C f , we symmetrize in B and C, and
we use the symmetry (2) of the torsion. Then we get
˜A(BS
C′
C) =U
(R′C′)R
A(BC) ∇RR′ + U
(S′C′)R′
A(B|S′| ∇C)R′ + P
(R′C′)
[AB] ∇CR′ + P
(R′C′)
[AC] ∇BR′
− TR
′C′S
A(B|S′∇
S′
S|∇C)R′ + T
R′C′S
A(B|S′∇|C)R′∇
S′
S −
1
2 (∇R′(BT
R′C′S
C)AS′ )∇
S′
S
+ 12T
R′C′U
A(B|U ′T
U ′ S
UR′|C)S′∇
S′
S −
1
2P
(R′C′)
[AC] ∇BR′ −
1
2P
(R′C′)
[AB] ∇CR′
+ 12U
C′R′R
B[AC]∇RR′ +
1
2U
C′R′R
C[AB]∇RR′
− 12U
S′R′C′
(B|AS′|∇C)R′ +
1
2U
S′R′C′
(BC)S′∇AR′
The second order terms are identical up to a commutation of the derivatives, and
thus they sum up to a first order term quadratic in the torsion. We add this term
to the other term quadratic in the torsion. Next, we collect and rewrite terms
involving the Rho tensor, terms involving the curvature Uab
C′
D′ and terms involving
Uab
C
D. For rewriting terms involving (trace of) Uab
C′
D′ , we use consequence (18) of
the Bianchi identity given below. Otherwise, we use a manipulation with indices
and algebraic operations only. We get an equivalent equation
2 · ˜A(BS
C′
C) =T
S′C′U
A(B|U ′T
U ′R′R
U|C)S′∇R′R − (∇
S′
(BT
R′C′R
C)AS′ )∇R′R
+ P
(C′R′)
[AB] ∇CR′f + P
(C′R′)
[AC] ∇BR′
+ U
S′[C′R′]
A(B|S′ ∇|C)R′f − U
S′(C′R′)
A(B|S′ ∇|C)R′ + U
S′(C′R′)
BCS′ ∇AR′
+
(
U
(C′R′)R
A(BC) + U
[C′R′]R
B[AC] + U
[C′R′]R
C[AB]
)
∇RR′ .
To prove that this is zero, we write curvature terms in the last line of the previous
equation in terms of torsion. Namely, by (21) we have
U
[C′R′]R
B [A C]
+ U
[C′R′]R
C [A B]
= −T
S′[C′|F
A (B| F ′
T
F ′|R′]R
F |C) S′
− U
S′[C′R′]
A(B |S′|
δRC),
and by (22) and (17) we have
U
(C′R′)R
A (B C)
=∇S
′
(BT
R′C′R
C)A S′ − T
S′(C′|F
A (B |F ′
T
F ′|R′)R
F |C )S′
− P
(C′R′)
[AB] δ
R
C − P
(C′R′)
[AC] δ
R
B
+ U
S′(C′R′)
A(B|S′| δ
R
C) − U
S′(C′R′)
B C S′
δRA ,
The substitution then gives ˜A(BS
C′
C)f = 0 and this proves the lemma. 
Having proven this technically difficult lemma it is now easy to finish the proof
of theorem 3.1 in the presence of a nonzero torsion. Namely, the lemma shows that
˜AS
A′
B has values in bundle E
A′ ⊗ E[AB][−1] only. On the other hand, the target
bundle of the operator AB does not appear in the decomposition of the tensor
product of bundles EA
′
⊗E[AB][−1] and E
C′
C . Hence AB transforms exclusively by
terms in EA
′
⊗ EAB[−1] nad thus is invariant. A straightforward application of
formulas (9) and (10) then gives the formula (11).
Let us remark at the end that the invariance of (11) can be also checked by a
direct but lengthy computation of its transformation under a change of the Weyl
connection by a repetetive application of formulas summarized in Remark 2.1.
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4. Bianchi identity
Bianchi identity gives the relation between the torsion and all components of the
curvature except its harmonic part. In terms of abstract (tensor) indices it reads
as
R
e
[abc] = −∇[aT
e
bc] + T
f
[ab T
e
|f |d] .
The precise relations for individual components of the curvature are obtained by
taking suitable algebraic operations and by taking into accont the symmetries of the
torsion and the curvature. For the sake of simplicity we express the components
of the curvature tensor U eabc , defined by (3), rather then the components of the
Riemannian curvature.
Lemma 4.1. Components of the curvature tensors UA
′B′C
A B D
and UA
′B′C′
A B D′
are related
to the torsion as follows. Trace terms:
U EabE = −U
E′
abE′ = −
1
q+2∇eT
e
ab = 2P[ab].(17)
U
(A′B′)E
E [A B]
= U
E′(A′B′)
[A B] E′
= U
[A′B′]E
E (A B)
= U
E′[A′B′]
(A B) E′
= 0.(18)
U
(A′B′)E
E (A B)
= U
E′(A′B′)
(A B) E′
= − 1
q
T
E′(A′|F
E (A| F ′
T
F ′|B′)E
F |B) E′
,(19)
U
[A′B′]E
E [A B]
= U
E′[A′B′]
[A B] E′
= 1
q+4T
E′[A′|F
E [A| F ′
T
F ′|B′]E
F |B] E′
,(20)
Tracefree terms:
U
[A′B′]E
A [B C]
= 13 (T
E′[A′|F
A [B| F ′
T
F ′|B′]E
F |C] E′
− T
E′[A′|F
B C F ′
T
F ′|B′]E
F A E′
(21)
+ U
E′[A′B′]
A[B |E′|
δEC] − U
E′[A′B′]
B C E′
δEA),
U
(A′B′)E
A (B C)
= ∇E
′
(BT
A′B′E
C)A E′ − T
E′(A′|F
A (B |F ′
T
F ′|B′)E
F |C )E′
+ UA
′B′E′
A(B|E′|δ
E
C)(22)
+ U
E′(A′B′)
A(B|E′| δ
E
C) − U
E′(A′B′)
B C E′
δEA ,
UA
′B′E
[A B C] =
1
4 (−∇
E′
[AT
A′B′E
B C]E′ + 2T
E′(A′|F
[A B |F ′
T
F ′|B′)E
F |C] E′
+ UA
′B′E′
[AB|E′|δ
E
C]),(23)
U
(A′B′C′)
A B E′
= 1
q−2 (∇
(A′
E T
B′C′)E
A B E′
− 2T
(A′B′|F
E [A |F ′
T
F ′|C′)E
F |B ]E′
+ U
(A′B′|I′|
A B I′
δ
C′)
E′ ),(24)
UA
′B′C′
(AB)E′ =
2
1−q (T
C′[A′|F
E (A |F ′
T
F ′|B′]E
F |B)E′
− U
C′[A′|E|
E (A B)
δ
B′]
E′ ),(25)
Proof. First observe that ∂P e[abc] = 0 and thus the Riemannian curvature tensor
on the left hand side of the Bianchi identity can be equivalently replaced by the
curvature tensor U . Then expanding the alternations, the Bianchi identity in detail
has the form as follows
UA
′B′E
A B C
δC
′
E′ − U
A′B′C′
A B E′
δEC + U
C′A′E
C A B
δB
′
E′ − U
C′A′B′
C A E′
δEB + U
B′C′E
B C A
δA
′
E′
−UB
′C′A′
B C E′
δEA = −∇
A′
A T
B′C′E
B C E′
−∇C
′
C T
A′B′E
A B E′
−∇B
′
B T
C′A′E
C A E′
+TA
′B′F
A B F ′
TF
′C′E
F C E′
+ TC
′A′F
C A F ′
TF
′B′E
F B E′
+ TB
′C′F
B C F ′
TF
′A′E
F A E′
.
Taking the contractions δE
′
C′ and δ
C
E we get
(26)
2UA
′B′E
A B C
− UA
′B′E′
A B E′
δEC + U
B′A′E
C A B
− UE
′A′B′
C A E′
δEB + U
B′A′E
B C A
− UB
′E′A′
B C E′
δEA
= −∇E
′
C T
A′B′E
A B E′
+ TE
′A′F
C A F ′
TF
′B′E
F B E′
+ TB
′E′F
B C F ′
TF
′A′E
F A E′
,
respectively
(27)
UA
′B′E
A B E
δC
′
E′ − qU
A′B′C′
A B E′
+ UC
′A′E
E A B
δB
′
E′ − U
C′A′B′
B A E′
+ UB
′C′E
B E A
δA
′
E′ − U
B′C′A′
B A E′
= −∇C
′
E T
A′B′E
A B E′
+ TC
′A′F
E A F ′
TF
′B′E
F B E′
+ TB
′C′F
B E F ′
TF
′A′E
F A E′
.
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Equation (17) is obtained by taking both contractions simultaneously and by ap-
plying the definition (3) and the coclosedness condition (4) of the curvature tensor
U and the trace-freeness and the symmetries (2) of the torsion T . The other trace-
parts (18), (19) and (20) are obtained by taking suitable algebraic projections in
the contraction δBE of (26) which by (17) simplifies to
2UA
′B′E
A E C
− qUE
′A′B′
C A E′
+ UB
′A′E
E C A
− UB
′E′A′
A C E′
= TB
′E′F
E C F ′
TF
′A′E
F A E′
.
Equations (21), (22) and (23) then follows from (26) by taking alternations [A′B′]
and [BC], symmetrizations (A′B′) and (BC) and alternation [ABC] respectively,
and by applying the formulas for the traces of U . Similarly, equations (24) and (25)
follow from (27) by taking symmetrizations (A′B′C′) and (AB) respectively. 
References
[1] Eastwood M., Slova´k J., Semi-holonomic Verma modules, J. of Algebra, 197 (1997), 424-448
[2] Gover A.R., Slova´k J., Invariant local twistor calculus for quaternionic structures and related
geometries, J. Geom. Phys. 32, No.1 (1999) 14-56
[3] Na´vrat A., Nonstandard invariant operators on quaternionic geometries, MSc Thesis,
Masaryk University in Brno, 2004
[4] A. Cˇap and J. Slova´k, Parabolic Geometries I: Background and General Theory, Math. Surv.
and Monographs, 154, Amer. Math. Soc., Providence, RI, 2009.
[5] M. Hammerl, P. Somberg, V. Soucˇek, J. Sˇilhan, Invariant prolongation of overdetermined
PDE’s in projective, conformal and Grassmannian geometry, Annals of Global Analysis and
Geometry, Springer, 2012, 0232-704X.
[6] Boe, Brian D.; Collingwood, David H. Multiplicity free categories of highest weight represen-
tations. I, II. Commun. Algebra 18, No.4, 947-1032, 1033-1070 (1990)
[7] B. Boe. Homomorphisms between generalized Verma modules. Trans. Amer. Math. Soc. 356
(1): 159-184, (2004).
[8] C.R. Graham, Conformally invariant powers of the Laplacian. II. Nonexistence. J. London
Math. Soc. 46 no. 3 (1992) 566–576.
[9] A. Cˇap, Translation of natural operators on manifolds with AHS–structures, Archivum Math.
(Brno) 32, 4 (1996), 249–266, lectronically available at www.emis.de
[10] Gover A.R., Conformal de Rham Hodge theory and operators generalising the Q-curvature,
http://arxiv.org/abs/math/0404004
